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ABSTRACT: The large magnitude of the dimensionless Rayleigh number (Ra ~10°) for Earth’s ~3 000
km thick mantle is considered evidence of whole mantle convection. However, the current formulation
assumes behavior characteristic of gases and liquids and also assumes Cartesian geometry. Issues aris-
ing from neglecting physical properties unique to solids and ignoring the spherical shapes for planets
include: (1) Planet radius must be incorporated into Ra, in addition to layer thickness, to conserve
mass during radial displacements. (2) The vastly different rates for heat and mass diffusion in solids,
which result from their decoupled transport mechanisms, promote stability. (3) Unlike liquids, sub-
stantial stress is needed to deform solids, which independently promotes stability. (4) High interior
compression stabilizes the mantle in additional minor ways. Therefore, representing conditions for
convection in solid, self-gravitating spheroids, requires modifying formulae developed for bottom-
heated fluids near ambient conditions under an invariant gravitational field. To derive stability crite-
ria appropriate to solid spheres, we use dimensional analysis, and consider the effects of geometry,
force competition, and microscopic behavior. We show that internal heating has been improperly ac-
counted for in the Ra. We conclude that the lower mantle is stable for two independent reasons: heat
diffusion far outpaces mass diffusion (creep) and yield strength of solids at high pressure exceeds the
effective deviatoric stress. We discuss the role of partial melt in lubricating plate motion, and explain
why the Ra is not applicable to the multi-component upper mantle. When conduction is insufficient to
transport heat in the Earth, melt production and ascent are expected, not convection of solid rock.
KEY WORDS: plasticity, diffusion, mantle convection, stability criteria, dimensional analysis, geometry.

0 INTRODUCTION

Dimensional analysis is commonly utilized in fluid dy-
namics due to the complexity of the problems encountered. The
Raleigh number (Ra) plays a pivotal role in studies of natural
(free) convection (e.g., Tritton, 1977), and is an essential vari-
able in non-dimensional numerical simulations of mantle con-
vection (e.g., Zhong et al., 2015; Schubert et al., 2001). The
classical dimensionless number that Rayleigh (1916) derived
for fluids in a box in a uniform gravity field is

_ aATgh’
Kv

Ra Q)
where a is volumetric thermal expansivity, AT is the temperature
difference across the system, g is the constant gravitational ac-
celeration, x is thermal diffusivity, and v is kinematic viscosity,
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which is related to dynamic viscosity (z=pv where p is density).
Modifications to Ra made in geodynamic studies are minor (Sec.
1) and little affect the calculations presented in this introduction.

High estimates of Ra (~10%) for Earth’s whole mantle (the
rocky, outermost ~2 890 km) is considered evidence for whole
mantle convection. The immensity of these values largely re-
sults from 4 being large and cubed in Eq. (1). For comparison,
we calculate Ra for Earth’s lithosphere. The continental litho-
sphere is ~150 km thick with AT ~1 000 K. Continental rocks
are insulating with x~0.5 mm?®s” (Whittington et al., 2009).
From the review of Biirgmann and Dresen (2008), geodetic
data on continental lithosphere gives £<10? Pa-s. Their upper
limit is compatible with laboratory data on dry and cold mate-
rial, which represents the highest possible lithosphere viscosity.
Much lower values (10'® Pa's) have been considered for the
deepest regions. Using this upper limit, along with typical val-
ues of p=2 500 kg'm™, &,=3x10" K and g=9.8 m's” sets a
minimum for Ra of >50 000 for the continental lithosphere,
which is far above the critical value of ~1 700. Yet, this layer
does not convect.

Hence, estimates of supercritical Ra are insufficient evi-
dence for whole mantle convection, especially insofar as the
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modeled material is not a fluid. Instead, this region is a chemi-
cally and physically layered combination of fluid and solid
constituents, with measurable motion of its uppermost solid
plates. The Ra argument cannot be invoked to describe the
motions observed in the upper mantle (UM) and transition zone
(TZ), because it is inapplicable due to unequivocal layering in
this region. Specifically, the lithosphere is underlain by a thick
(~180 km) weak, low velocity zone partially consisting of lu-
bricating, low viscosity melt (for basalt, v ~0.2 m?s!; Hof-
meister et al., 2016). Additionally, the chemical composition of
the lithosphere differs from both the oceanic crust and the as-
thenosphere, which are solid and non-homogeneous.
Researchers producing convection models acknowledge
that attributing plate tectonics to whole mantle convection in-
volves several first-order difficulties, such as what the mecha-
nism is, how a weak energy source can drive convection,
whether mantle plumes exist, and how the known chemical
heterogeneities in the UM+TZ can persist (Bercovici, 2015).
These problems bear crucially on the hypothesis of lower man-
tle (LM) involvement, which has been debated for decades
because of inadequate supporting evidence, as detailed in Sec-
tions 0.1 and 0.2. A lack of seismological evidence for deep
plumes is particularly troublesome, because plumes are a hall-
mark of all demonstrably convecting systems. See Foulger
(2010) for additional discussion of the plumes controversy.

0.1 Evidence for Lower Mantle Stability

For Ra ~10%, heat transfer is expected to be ~300x con-
ductive per correlations of Ra with the Nusselt number where
Nu=total flux/conductive flux (e.g., Davies, 2011; Tritton,
1977; Elder, 1976). However, large Nu is not compatible with
the available information on Earth’s current heat flux, as fol-
lows: Measurements of surface heat flux provide 28 TW,
whereas models consider higher values of 46 TW (summarized
by Hamza, 2013). The higher model value allegedly includes
primordial heat, flux from the core mantle boundary, and ad-
dresses hydrothermal circulation (e.g., Davies, 2011; Stein and
Stein, 1992), but these additions likely result in heat flux over-
estimation (Criss and Hofmeister, 2016; Hofmeister and Criss,
2005). Measured values overlap with meteoritic estimates of
interior heat production of 20-30 TW (e.g., Lodders, 2000).
For model or measurement, dividing the surface output by the
estimated interior production provides Nu<2.3, which value

vastly differs from Nu ~300 suggested from the estimates of Ra.

Per experiments and theory (e.g., Koschmieder and Pallas,
1974), stability or weak convection is expected for such low
Nu. Furthermore, a conductive or weakly convective state for
Earth’s mantle is also supported by geologic evidence: neither
the style of surface motions, nor the temperatures, nor the
chemical compositions of magmas have changed significantly
over the last 20% of Earth’s history (Hamilton, 2011). During
this same ~10° year interval, interior radioactive heat produc-
tion has decreased very slowly (van Schmus, 1995). Further-
more, conductive cooling models, which cover a wide range of
mantle conditions, are also consistent with a surface heat flux
of 1040 TW (Criss and Hofmeister, 2016).

The motions of the lithospheric plates are considered evi-
dence for internal motions, although the mechanism is not un-
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derstood (Bercovici, 2015). Importantly, circulation is a first-
order attribute of convection. Current mantle convection mod-
els do not address either the predominantly east-west motion of
the plates, or that 670 km is the maximum depth for many
plates (Doglioni and Panza, 2015). The manner in which the
plates move (hinge rollback) is incompatible with lower mantle
involvement (Hamilton, 2002) and is inconsistent with simple
circular motions. Average plate velocities of ~4 cm-y™', show
that the period of whole mantle overturn must be immense (~
Ga) if circulation occurs. This value is a substantial fraction of
the Earth’s age (4.5 Ga) and is an even greater fraction of the
~1 Ga interval when plate tectonics clearly operated (Hamilton,
2011). Therefore, plate velocities corroborate the weak and
sluggish system suggested by the heat flux. Furthermore, many
seismologic investigations show that activity is limited to the
upper mantle. Seismic studies of the Iceland region show that
low-wave-speed anomalies associated with upwelling are con-
fined to the upper mantle (Du et al., 2006; Foulger et al., 2001).
The same is true for the Yellowstone region (Gao and Liu,
2014) and the European Cenozoic rift (Fichtner and Villasefior,
2015). The foci of earthquakes are all above 670-690 km (Rees
and Okal, 1987). Similarly, even diamonds with metal inclu-
sions appear to originate in the transition zone (Smith et al.,
2016). Phase equilibria suggest origination is above 670 km
(Gasparik, 2000). All of these observations suggest that the
lower mantle (670 to 2 890 km depths) does not participate in
mantle circulation.

In summary, a large body of independent observations
support circulation being weak and limited to the UM+TZ.
Support for lower mantle circulation is limited to the Ra num-
ber being large, the interpretation of seismic tomography im-
ages as plates penetrating into the lower mantle, and seismol-
ogical evidence for broad features deep in the lower mantle
(French and Romanowicz, 2015). However, these features are
not tall and thin, as “plumes” are envisioned, and about one
third of the slabs are flat lying (Goes et al., 2017). Furthermore,
Foulger et al. (2013) have argued that tomographic images of
descending plumes are over interpreted.

0.2 Problems in Representing the Complex Earth

Earth is layered, which is not addressed in the Ra. Disconti-
nuities in the seismic velocities at 410 and 670 km are interpreted
as phase transitions, but such assignments assume that the upper
and lower mantles have the same chemical composition (Agee,
1998). In contrast, isotopic evidence conclusively shows that the
UM+TZ, from whence geological samples originate, is demon-
strably chemically heterogeneous. Recent studies point to chaotic
distribution (Armienti and Gasperini, 2010).

Layering involves Earth’s heat producing elements,
whereby U and Th are almost entirely located in the continental
crust (Henderson, 1982). This configuration is incompatible with
whole mantle convection, although lateral flow of heat from deep
continental roots might affect the upper mantle. To address the
problematic absence of bottom heating, additional deep heat
sources, such as latent heat released during freezing of the iron
core, have been suggested (e.g., Stacey and Stacey, 1999). Pri-
mordial heat of accretion or core formation has been considered
substantial based on geoneutrino data (Gando et al., 2011). How-
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ever, this method only detects U and Th decay events, which are
dominated by nearby continental crust and nuclear reactors, and
in assuming the contribution from K from the mantle also as-
sumes its primordial heat (Hofmeister and Criss, 2013). Isother-
mal conditions are expected for the two-phase core, because any
receipt of heat (internal or external) will change the relative pro-
portions of solid and liquid, but not the temperature, as is shown
by the well-known thermodynamic analysis of ice bath behavior
(Criss and Hofmeister, 2016). The amount of primordial heat
cannot be large, considering the energy stored in Earth’s spin,
and the energy used to create its ordered, layered state (Hofmeis-
ter and Criss, 2015, 2012). That the measured surface flux equals,
within uncertainty, the meteoritic estimates for radioactive emis-
sions suggests that primordial heat has created the high tempera-
tures of Earth’s deepest interior, rather than being shed to space
(Criss and Hofmeister, 2016).

Finally, we note that similarly sized Venus has a surface
which differs considerably from that of Earth, by appearing old,
with no evidence for plate tectonics (Hamilton, 2015). Venus’
spin rate differs from that of Earth, and moreover, Earth’s spin
plays an important role in the particulars of plate motions
(Doglioni and Anderson, 2015). Clearly, behavior inside a
planet is far more complex than that of homogeneous fluid in a
box, which the Ra number describes.

0.3 Purpose and Organization of the Paper

Vigorous whole mantle convection, as suggested by the
entire mantle’s high Rayleigh number, conflicts with virtually
all pertinent observations as described above. The above dis-
cussion of Ra for continental lithosphere shows that a super-
critical Ra is insufficient evidence of convection. Moreover,
using Ra as a parameter in numerical models (e.g., Zhong et al.,
2015; Schubert et al., 2001) means that these model outcomes
largely rest on Ra accurately portraying mantle behavior.
Whether this portrayal is accurate is a concern, because condi-
tions considered in the historic derivation of the Rayleigh num-
ber obviously differ from those in Earth’s mantle. No previous
study has appreciably explored the limitations of the classical
Rayleigh number in regard to its application to planets.

Therefore, the present paper focuses on the physical basis
for the Ra. Section 1 provides background information on di-
mensional analysis, and shows that existing modifications to
the classical Ra number inadequately address conditions in
planets. Section 2 shows that the effect of spherical geometry
on Ra is independent of any changes needed to address how
properties of solids differ from those of liquids. Section 3 pro-
poses stability criteria for solids based on thermodynamic prin-
ciples, continuum mechanics, and dimensional analysis. From
our formulae and considering available data on the relevant
parameters, stability of the lower mantle is expected (Sec. 4).
Section 5 briefly covers why plate tectonics may not require
upper mantle convection, although resolving this issue is be-
yond the scope of the present paper.

1 DIMENSIONAL ANALYSIS
1.1 Method

To determine whether all factors needed to ascertain con-
vective instability of planets are included in Eq. (1) requires

understanding the method of dimensional analysis. This section
summarizes this method and describes the dimensionless num-
bers associated with convection.

For any problem, the number of pertinent dimensionless
groups (termed “n’s”) is the difference between the numbers of
relevant variables and distinct unit-dimensions (Buckingham,
1914). In a “classical” analysis of fluid flow (Table 1, top), the
number of 1’s is 4=9 variables less 5 unit-dimensions. To de-
termine formulae for the m’s, 5 variables are selected as refer-
ences and then are combined with each of the remaining 4 vari-
ables. Solving constructs such as

n, =h'g’k yacC, Q@)
where a to e are integers, provides the classical © groups (Table 2,

left). Although dimensional analysis reveals the 7 groups, it does
not describe how to combine the 7’s into relevant, dimensionless

Table 1 Variables and unit-dimensions relevant to convection in the

laboratory and planets

Variable Symbol  Units}

Classical (constant P)

Length scale h L
Gravitational acceleration g L/
Temperature difference AT T
Heat transfer coefficient H QIL*T)
Fluid density* P M/L?
Volumetric expansivity* a /T
Heat capacity* Cp Q/(MT)
Thermal conductivity*+ k Q/(LtT)
Viscosity*t 7] M/(Lt)

Additions for planets

Pressure difference AP P
Compressibility* p 1/P
Outer radius§ Rou L
Shear modulus (elastic)*§ G

Yield stress (plastic)*§ Oyield P
Effective deviatoric stress*§ do P
Mass diffusion*§ D Lt
Grain size*§ d L

*Designates a material property of the fluid or medium. . Thermal diffu-
sivity (of phonons) x and kinematic viscosity are used instead of thermal
conductivity and dynamic viscosity in the Ra and Gr numbers, due to
cancellations. §. Denotes variables important to planets, but not previ-
ously incorporated in dimensional analysis, see text. . L=length, t=time,
T=temperature, Q=energy, M=mass, P=pressure (provision of units
does not link the variables.). In mathematical descriptions of free con-
vection, energy is relevant but not velocity (which is fundamental for
forced convection and enters into the Reynolds number). This stems from
the Grashof number occurring as a parameter inside flow equations which
do contain velocity terms. Like energy, P is a dimension in planetary
convection, due to this being an independent thermodynamic parameter
arising from gravitational forces. Force, area, and volume enter into sta-

bility analysis via physical constraints, see the text.
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Table 2 Dimensionless groups and numbers used analyzing natural convection

Classical group Classical number Planetary group Planetary number
C, v AP
mo=te Y =Ppr* ny = PAP=— in the adiabat
kK B,
h 2
n, = aAT in Gr, Ra T gphere = [1 - R—j in Gr, Ra, Nu
out
h? 2 h? 80.
T, = g7p = :g in Gr, Ra T, = see text
M Ve O yield
—l —
YTk = Nu* *7 D =Le*f

Notes: Laboratory settings explored classically (left) are compared to additional groups needed to address interiors of planets (right). Classi-

cal groups have been calculated by choosing 4, g, k, u, and « as references, in which case Cp, AT, p, and H are additional variables, see text.

Variables are defined in Table 1. Planetary n’s are numbered in order of appearance in the text. Previous analyses of planets and atmospheres

incorporate ms into Gr and Ra via the adiabat (see text). Three additional groups are proposed for planets: g, which provides for mass con-

servation in spherical geometry; n;, which describes onset of flow in an ideal Bingham plastic, and ©g which describes the competition of

thermal and mass diffusion. *. Lattice heat transport is assumed. Radiative transfer is an additional mechanism that can be important for tran-

sient heat flow at high T (Hofmeister, 2010), which will increase x (and k) but are unimportant to slow cooling. Grain size does not enter into

our models. T. Se=v/D,,=LePr=mngn; is redundant: Le is germane because it compares the two diffusivities, see text.

numbers. Dimensionless numbers are fewer in number than the
1’s because additional constraints, such as conservation laws or
force balance, are invoked when deriving them. Regarding natu-
ral convection, two 1 groups reproduce the Prandtl (Pr) and Nus-
selt (Nu) numbers, whereas 7, times 13 forms the Grashof num-
ber (Gr), and Ra follows (Table 2, left). Because Ra=GrPr, only
3 dimensionless numbers are needed to describe free convection
classically. Additionally, other types of dimensional analysis can
be performed (e.g., Bridgeman, 1927). A common approach is to
simplify the equations using the unit dimensions of the parame-
ters which then allows estimation of results. The approach in
geodynamics has been to modify the existing dimensionless
numbers. Two modifications are currently used, as follows.

1.2 Is Pressure Adequately Addressed in Current Modifi-
cations to Ra?

Existing discussions of planets incorporate two more vari-
ables, AP and Bz, and one new unit-dimension, creating ws. The
importance of pressure relative to temperature is estimated
from their relative effects on volume

n, a,AT o, AT

P B AP ©

Typically, ay is ~3x10°/K. For the whole mantle, AT
~4 000 K is suggested from melting of Fe-S in the core
(Chudinovskikh and Boehler, 2007); seismology gives AP=135
GPa and average Bs ~360 GPa (e.g., PREM: Dziewonski and
Anderson, 1981). Across the upper mantle (UM) and transition
zone (TZ), AT is smaller, ~2 000 K (Agee, 1998), AP=24 GPa,
and average Bs ~170 GPa (PREM). Hence, m,/nts is ~0.32 for
whole mantle and ~0.64 for upper mantle.

Small ,/7ts indicates that pressure is more important than
temperature to Earth’s interior, which is consistent with seis-
mologic observations of density increasing downward, despite
temperatures climbing. Moreover, as is well documented by
research in mineral physics, pressure dominates behavior inside

Earth’s mantle, inducing phase transformations, increasing
coordination numbers of most elements (including Si), and
causing close-packing of O-atoms (Prewitt and Downs, 1998).
Therefore, a significant correction of Ra which addresses the
impact of pressure upon solid material properties is expected.
The existing correction considers the effect of pressure on the
temperature difference and buoyancy. Because elastic com-
pression is instantaneous compared to thermal diffusion,
B;'AP does not alter buoyancy computed from density differ-
ences. Instead, this factor enters into the adiabatic correction of
AT*=AT(1-py, BT'IAP), which is based on behavior of the at-
mosphere. Specifically, AT is reduced in accord with an adia-
batic gradient (Tritton, 1977)

o) 1l @

oPly B
where y=aBs/ pCp=aB7/pCy is the thermal Griineisen parame-
ter, and By is the isothermal thermal bulk modulus, which is the
inverse of compressibility, f=V"'6V/0P|;. Because Bg=B(1—
a,ynT) is only ~3% larger, either modulus is suitable, and
likewise for heat capacity (C), leading to reduction of AT for
Earth’s mantle by only ~30%, which is insignificant compared
to the excess of Ra over critical. This minor change is insuffi-
cient given the role pressure plays in determining the state of a
material.

Importantly, Eq. (4) describes an isentrope (the subscript
S denotes constant entropy), not an adiabat. Adiabats (no heat
exchange) are considered to be equal to isentropes when re-
versibility applies (e.g., Fegley, 2015). The equivalence of
adiabats and isentropes for the ideal gas can be obtained from
its heat capacity and equation of state (e.g., Fegley, 2015), and
thus Eq. (4) is a reasonable approximation for the atmosphere.
The Earth, in contrast, is not a gas and changes in the evolving
Earth are irreversible, as is the case for natural or spontaneous
processes (Zemansky and Dittman, 1981). Non-adiabatic con-
ditions (internal heating) are discussed below.
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Equations of state for solids are unlike those of gas. Behav-

iors associated with solids are unlike those for fluids. Hence,
other properties of solids, all with dimensions of pressure (Table
1), should be considered in the dimensional analysis of Ra for a
planet. This requires more ©’s, which affects the dimensionless
numbers (Table 2). Because the maximum pressure is dictated by
the mass and outer radius of the planet, Section 2 considers the
radius in detail, which is also the main geometric constraint.

1.3 Is Internal Heating Correctly Addressed in Current

Modifications to Ra?
Formulae in geodynamics addressing internal heating pro-

vide a stronger dependence on depth than the classical Ra (e.g.,
Schubert et al., 2001). The stronger dependence is obviously in
error because internal heating warms the center of the box,
rather than the bottom (e.g., Carslaw and Jaeger, 1959) thereby
increasing the stability of the bottom half.

We quantify the effect of internal heating on the tempera-
ture gradient by considering solutions for a slab (flat box) with
constant properties k and x and internal heat production of 4,
(= Watts per volume). In order to sum (superimpose) solutions
to the heat equation for the cases of basal and internal heating,
T of both surfaces for the internal heating case are held at 0 °C
and the vertical direction is defined as extending from -L to +L

(Fig. 1, top row). This geometrical constraint means that 4 in

(a) Internal heating (b) Basal heating

5

the Ra number is related to 2L of the conductive problem. From
Carslaw and Jaeger (1959), the solution as a function of time is

2
z

1-=_
AL U
- © (1) _ 2,2
2k %Z (-1 SCOS(ZrH-l)TczeXp x(2n +21) 't
L Q2n+1) 2L 4

®)

After a very long time, the temperature in the middle of
the slab (z=0) approaches the steady-state solution of T =
AoL*/(2k)= Agh*/(8K). At any time, the maximum temperature is
at the center of the slab. For illustrative purposes, we consider
linear temperature gradients from the middle to the surfaces
(Fig. la), which suffice, due to the slow heating quantified
below and to the assumption of constant x.

Although the dependence of 7., on 4 is strong, 4 is very
small for the Earth, being equivalent to ~100 W per km?, or one
candle to heat a major city (e.g., van Schmus, 1995). Thermal
diffusivity of ~1 mm?®s" and thermal conductivity of ~3
W-m™-K! are typical values in mantle models (e.g., Davies,
2011). With weak heating and inefficient conduction, ~100 Ga
is required to reach steady-state inside an immense slab (Fig.

le). That steady-state conditions do not describe Earth’s mantle
was demonstrated using exact and approximate solutions for

(c) Sum, short time (d) Sum, long time

0
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Figure 1. Temperatures in the infinite slab for internal and basal heating. Top, geometry and conditions in the slab with vertical size #~=2L. (a) Solving for 7(,z)
with internal heating requires setting z=0 in the middle of the slab. 7* is the temperature achieved after some time . (b) For basal heating, the T gradient is
imposed and is independent of time. (¢) Summation of basal and internal heating for short time, when 7#<T,,s. (d) Summation of basal and internal heating

when T#>Ty,s1, Which requires a long time to develop. In both cases, internal heating stabilizes the bottom half of the slab against convection. (¢) Dependence

of T* on time for thermal properties appropriate to the mantle (see text). Grey bars indicate relevant time scales.



the sphere (Criss and Hofmeister, 2016). Over 4.5 Ga, only the
outer 670 km of the Earth would have cooled conductively.
The immensity of ~35 000 K for T, further emphasizes that
the steady-state approximation is inappropriate for the Earth.

Previous analyses (e.g., Schubert et al., 2001), amend the
Ra based on the steady-state solution to an internally heated
slab. Furthermore, these works substitute L for / in the Ra, and
thereby ignore the fact that an internally heated slab is warmest
in the middle. A hot middle (long term solution) makes it im-
possible for lower half of the slab to convect (Fig. 1d). Short
times are relevant (Fig. 1c). For this case, internal heating de-
stabilizes the upper half of the slab, at the expense of stabiliz-
ing the lower half. Because the internal heating of the Earth is
weak, this destablizing effect should be neglected, especially
insofar as AT is an estimate. We return to the issue of internal
heating in Section 3.6.

1.4 The Need for Further Modifications to the Planetary Ra

From Sections 1.2 and 1.3, treatment of heat transfer in the
current adaptations of Eq. (1) to planets is problematic. Addi-
tional factors of obvious importance to Earth’s interior warrant
discussion. In particular, solids behave differently than liquids in
fundamental ways. Liquids flow under any stress. In contrast,
solids resist deformation. The response of a solid is elastic at low
stress, but plastic at high stress. Plasticity is not equivalent to
viscous flow (Hill, 1950). Based on deformation measurements,
Hiraga et al. (2010) concluded that the perpetual, fluid-like be-
havior underlying mantle convection models is unattainable due
to micromechanical changes which always accompany the de-
formation of solids. See Section 3.4 for further discussion.

Another crucial difference is that in gases and liquids, mo-
lecular motions carry both heat and mass, thereby providing
similar diffusivities; whereas in solids, the flow of heat is fully
independent of flow of mass, providing vastly different thermal
and mass diffusivities (tabulated in Sec. 3 with additional dis-
cussion). Existence of an independent mechanism for heat flow
in solids permits large temperature gradients to exist across
non-convecting solids up until melting temperatures are
reached. This behavior is exemplified by conditions in the oce-
anic lithosphere, which is melted at its base. Yet, this key be-
havior is not addressed in the classical Ra. Interestingly, the
high Prandtl number (Pr=v/k) of the mantle indicates that heat
transfer is independent of inertial effects (e.g., Elder, 1976) but
the effect of this known decoupling on the Ra has not been
theoretically explored. Experimentally, convective flow has
only been observed in relatively inviscid materials (v ~22 000
mm*s” as in syrup: White, 1988). Yet, this 17 orders-of-
magnitude extrapolation has not been questioned when using
Ra to describe Earth’s mantle.

From the above, the classical formulation for Ra seems in-
appropriate not only for the solid state, but moreover for the
high internal pressure provided by self-gravitation of planets.
Additional issues are explored below, beginning with the spe-
cial nature of spherically symmetric geometry.

2 MASS CONSERVATION DURING FLOW IN RADIAL
SYMMETRY
The classical derivation of the Rayleigh number considers
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bottom heated convection occurring in Cartesian coordinates.
Clearly, this model differs significantly from the conditions
inside planets and stars. This section will demonstrate that
modeling cylindrical or spherical symmetry using Cartesian
coordinates grossly violates mass conservation. Violations of
mass conservation even over small scales have consequences
for mantle convection models (Hetényi, 2014).

Classically, vertical instability is considered, which is
analogous to radial instability in planets. Solely angular mo-
tions in planets are related to spin and are not driven by buoy-
ancy differences. Because volume elements in Cartesian, cylin-
drical, and spherical-polar coordinate systems have different
shapes, rules for mass conservation during motions of these
elements will differ among these three systems, as follows.

Under constant P and 7, equal thickness (/) layers in a
box have the same mass whereas mass in concentric shells of
equal thickness (8r) in a sphere differs because shell area varies
with radius (Fig. 2). For spherical geometry, length scales re-
quire amending to conserve mass during its transfer between
shell-shaped layers

R (Ru—h) B Y
L=h—n =h"“‘2=h(1—J = hm, (6)
Rout Rout Rout

Conserving momentum and heat during flow requires the
same scaling (Fig. 2). Thus, for planets, which are nearly spheri-
cally, both Ra and Gr must be multiplied by 5> and Nu by .

Note that g accounts for planetary geometry differing from
parallel plates, without involving any other parameter. As a con-
sequence, the effects of physical properties are independent of
geometry and can be evaluated by considering vertical instability
in a Cartesian reference frame.

(2) M
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Figure 2. Schematics in 2-dimensions illustrating how geometry affects
scale length in dimensional analysis. (a) Mass balance of parallel layers with
equal thickness and density in Cartesian geometry. (b) Imbalanced mass in
concentric layers with equal thickness and density. Note that if heat energy
is considered in terms of heat density (energy per volume), then for equal
thickness layers, the same imbalance occurs as for mass. (¢) Viscous motion
in concentric shells. At the same tangential velocity, motion in the inner
circuit completes the circle, whereas the outer circuit falls short. For a lami-
nar momentum balance with no shear, the outer layer must be thinner (less
mass) which makes it faster, and hence a correction factor is needed for the
length scale describing flow. Equation 6 gives the correction factor () for

spherical coordinates. For cylindrical symmetry, me=(1—/4/Rou).
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3 EVALUATION OF VERTICAL INSTABILITY

This section begins by considering the physical implications
of Gr and Ra for pourable fluids in a box. Then we adapt these
classical formulations to address the defining properties of solids.

3.1 Derivation and Meaning of the Grash of Number

Because energy barriers are nearly negligible for posi-
tional rearrangements in liquids, this state flows under any
stress (Fig. 3). The Grashof number (Gr) describes whether a
fluid is vertically unstable

Fiouyanc ATgh’
GI' = bouyancy _ av zgh (7)
F \%

drag

To derive Gr, we presume that shear stresses (Ogpear) in
liquids arise from drag during viscous flow, after Newton
au _ Fdrag

CTshczlr =Up -

Oy A ®

where A4 is area, u is speed, and y is the horizontal direction.
Rearranging and applying dimensional analysis

Uzngﬁﬂhzﬁhzuﬂowh )
ou A(m/ Ah) ut t

where ¢ is time. Incorporating the adiabat into the buoyancy
force, ratioing this against Fy,, of Eq. (8), and utilizing Eq. (9)
gives for the pourable, liquid state

Liquids: expt. #1

Fruoyaney _ PoyAT*ghA o, AT * gh
Fye  Apov(Ougg, 10y)  v(ug,, /h)
_ a, AT * gh’ _ a, AT * gh’ _

C V(ugh) v? -

(10)
Gr

3.2 How Deformation of Solids Differs Significantly from
Flow of Liquids

Understanding the response of solids to stress is an impor-
tant component of several fields, especially mechanical engi-
neering and solid mechanics, where both realistic and ideal
behaviors have been explored in detail. The theoretical basis
was established in the mid-1800s, predominantly by Cauchy
(Soutas-Little, 2011). Development of solid mechanics is ongo-
ing, motivated by the need to predict the failure of increasing
complex structures, as well as by the quest to understand the
complex behaviors of real world materials.

Actual properties of materials and structures often vary
considerably from their theoretical values. For instance, the
actual failure strength of materials is approximately 50x to
500x lower than the theoretical value, a function of imperfect
structure and impurities. An extreme example of this are
welded structures, where the properties are dependent on both
the new alloy created, and the flaws introduced by the welding
process (Criss et al., 2015).

Liquids: expt. #2

Figure 3. Schematics of mechanisms for fluids. Grey circles=atoms; black arrows=direction of translational motions; white arrows=vibrations of atomic bonds.

(a) Monatomic gas, where interactions are limited to brief collisions and exchange of energy is entirely kinetic. Motions occur even in the in the absence of

organized flow. (b) Pourable liquid, where translational motions are somewhat impeded by neighboring molecules. Energy exchanges are mostly kinetic but

vibrational energy can be exchanged between molecules during collisions. As density and molecular size and complexity increase, motions become more ham-

pered and vibrations become increasingly important to the transfer of energy. (c) Reaction of liquids to stress. In experiment #1, the liquid can be poured from

beaker to beaker with turbulent mixing, yet the material properties remain unchanged even though the internal arrangement of the constituent molecules has

greatly changed. Experiment #1 can be repeated indefinitely. In experiment #2, pouring the liquid into a puddle drastically changes its shape and entirely rear-

ranges the molecules, but the physical properties are not changed, so long as the puddle is at least a few molecules thick. In both experiments, negligible devia-

toric stresses exist after motion ceases, despite large strains and distortions.



Studies of the deformation of Earth materials began in the
1950s with the pioneering work of Griggs. Although this later
research uses already developed precepts from materials sci-
ence, the underlying physics has not been entirely adhered to.
In part, this is because conditions in the lower mantle are sim-
ply not attainable in the laboratory. This section summarizes
what is known from materials science and engineering and
where this diverges from mantle extrapolations.

Mantle solids are characterized by 3-dimensional linkages
of strong ionic bonds (Fig. 4). Multiple types of plasticity are
observed in candidate materials, including motion of disloca-
tions, atomic diffusion, and dynamic recrystallization
(Kohlstedt and Hansen, 2015). These sluggish mechanisms
require substantial energy to break and reform atomic bonds.

Breaking all bonds in a solid, which permits rearrange-
ment analogous to liquid motion, is described by Frenkel’s
(1926) theoretical shear stress, which is generally many times
the actual ultimate stress. Furthermore, once broken, it is nec-
essary to reform all of these bonds. Hence, viscous flow is
possible in solids, but is limited to certain materials above the
glass transition. In contrast, a different process, known as creep,
typically occurs in metals and ceramics when the temperature
exceeds 50% of melting (Meyers and Chawla, 2009). That
certain mathematical descriptions of creep (e.g., Nabarro-
Herring or Coble) can be recast to mimic forms of equations

Anne M. Hofmeister and Everett M. Criss

that depict Newtonian viscous behavior (e.g., Kohlstedt and
Hansen, 2015) has supported modeling the solid mantle as if it
were fluid. This approximation is over-simplified for the fol-
lowing reasons.

(1) The equations of Nabarro-Herring (for high T lattice
diffusion) or Coble (for lower T grain boundary diffusion) re-
ferred to in Earth science studies incompletely describe creep.
The more general Mukherjee-Bird-Dorn equation (Mukherjee
et al., 1969) expresses the rate of creep (&) in terms of stress,
temperature, Burgers vector (b), and grain-size (d)

P n
D, exp*Q/RT [gj (%j -5 exp—Q/RT

where G is the shear modulus, & is Boltzmann’s constant, R is the

O0s _BGb

PR an

ot

gas constant, Q is an activation energy, and Dy, B*, B, p, and n
are various parameters depending on the material. Diverse mate-
rials may be described by Eq. (11) so long as they experience
steady state creep, and have a grain size (Meyers and Chawla,
2009). The important exponential factor (7), which describes a
key difference between creep and viscous Newtonian flow
(Mukherjee et al., 1969) is missing from the Nabarro-Herring for-
mulation which restricts two free parameters, namely, p=2 and n=1.
Both Eq. (11) and the general, nonlinear stress-strain rate equation
describing superplasticity (o = K" ) have forms unlike that

Elastic material

Stress off

My

--..['f"” ]-_.['ifsfww

¥

Simple harmonic oscillations

Damped harmonic: slow heat transfer

- @ - @ - @

Acoustic (p-wave) mode in 1-d chain

Optic (heat) mode in 1-d chain

Figure 4. Schematics of micromechanical mechanisms for ionic and metallic solids. Symbols as in Fig. 3. (a) Solid that is not stressed. Interatomic bonds link

constituent atoms in all directions; vibrations are similarly linked. Atoms can diffuse where defects exist, as suggested by the “holes” and black arrows.

(b) Comparison of reversible deformation of an elastic solid (top row) to irreversible deformation of a plastic solid (bottom row). As indicated by the “marked”

atoms, the elastic solid returns to the same internal configuration and macroscopic shape after the applied stress is removed. After some substantial stress is

applied to a plastic solid, internal rearrangements exist: thus, upon removal of the stress, the material can neither return to its original shape nor internal configu-

ration. (c) Relationship of vibrational modes to heat transfer and attenuation in an elastic solid. Left, unachievable perfect harmonic oscillations once set in

motion, continue indefinitely, and are not attenuated. Right, in a solid, vibration of one bond is influenced by motion of neighbors, which creates damping. Heat

transfer is finite and slow. (d) Acoustic modes involve atoms moving together (left diagram of the 1-d chain) whereas optic modes involve motions in opposi-

tion (right) which makes heat transfer much more strongly attenuated than is sound.
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describing a Newtonian fluid (e.g., Meyers and Chawla, 2009).

(2) Grain-size is important to creep and enters into many
descriptions of the deformation of solids, including Eq. (11),
but is irrelevant to liquids and Ra.

(3) Formulations for steady-state (stage II) plasticity con-
sidered above are invalid in other regimes: elastic behavior,
strain hardening, necking, or failure (Figs. 4-7). The behaviors
illustrated are schematic: regarding the mantle one should envi-
sion different grains being stretched and thinned during flow.
The possibility of superplasticity, whereby creep extends to
higher stress and strain than “expected,” has been called on to
justify application of fluid dynamics to solids. However, super-
plastic solids also harden and fail (Mitchell, 2004). Four differ-
ent modes of failure have been documented (Langdon, 1982).
Hence, the inferred perpetual fluid-like behavior assumed in
mantle convection models is unexpected. In analyzing defor-
mation of silicate material, Hiraga et al. (2010) recognized and
noted that this is a serious flaw in mantle convection models.
Although the experimental component of this paper is well-
cited, the importance of Hiraga et al. (2010) deduction has been
overlooked. We attribute the latter to widespread belief that the
classical Ra number is valid for solids.

(4) Most importantly, an elastically or plastically deform-
ing solid is under nearly perfect force balance, even if the ap-
plied forces are high, because the accelerations are extremely
low. In particular, solids undergoing primary (stage I) plasticity
decelerate into steady-state creep which occurs at the minimum
creep rate (e.g., Meyers and Chawla, 2009). Lattice deforma-
tion forces providing this behavior are not accounted for in Gr
or Ra which instead describe the flow of liquid, which arises
under any amount of stress.

3.3 Stability Criteria for an Ideal, Bingham Plastic

To better account for behavior inherent to solids (Fig. 5)
in accessing stability, we consider the idealized behavior of a
Bingham plastic (Fig. 6), which is simple, yet includes both

elastic (solid) and viscous (liquid) regimes. Differential stress
is considered. Although deviatoric stress provides a more com-
plete representation, it is not directly measured in experiments.
Bingham’s model, which requires a minimum shear stress
(0yield) for plasticity, has been applied to muds, glasses, and
other geologic materials with both liquid and solid components
(Sehlke et al., 2014; Davis and Selvadurai, 2005). Similarly,
mantle materials require significant differential stress to deform
(Figs. 5-8). Generalizing these observations indicates that a
minimum effective deviatoric stress (80=0y;iq) is required for
solids to enter a regime of liquid-like behavior: once a solid
enters this regime, Gr and Ra become relevant. This observa-
tion constitutes a m-group

=9 (12)

Oyietd ~ 1

Below o014, conditions are elastic whereby solids respond
to temperature, hydrostatic compression, and shear stress as
described respectively by «, bulk (B) and shear (G) moduli

shear stress _ dforce / 4

G= — =
shear strain Oh/h

(13)
Convection is unexpected for m; < 1.

3.4 How Diffusion in Solids Differs from Diffusion in Lig-
uids

Heat transport for constant thermal diffusivity x is gov-
erned by

or o°’T

—=Kk— 14

ot oz’ (19
where z is the vertical direction. Dimensional analysis (e.g., Hof-
meister, 2010) relates xto mean free path (1), mean free lifetime
(7), and the velocity of the particle carrying the heat (yicro)-

(a)
N i | | IO e | > <@
Elastic Plastic Creep | Necking More necking Failure
]
Superplasticity Failure

Tension

Uniaxial stress

e >

]
=3 =

Bingham solid
do<a,,,

Liquid Solid

Bingham liquid
60}0\ ield

Figure 5. Schematics of mechanical response to stress. (a) Time-progression of object shape for a plastic solid undergoing creep in tension, which is the condi-

tion used to establish superplasticity (see Hiraga et al., 2010). At high stress, the onset of failure is usually marked by necking. Failure occurs before the area of

the neck disappears. During superplastic behavior, necking may be postponed, but failure still occurs at some high stress. In contrast, liquids thin evenly, and

remain coherent until only a few molecules thick. (b) Comparison of a liquid, which flows under any stress and requires a container for shape, to behavior of a

Bingham plastic, which has a shape and cannot flow unless stress is high.
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,7' c.p.
§=8=-c.p.
S.=-(c.p.+A)

(S, S, )=maximum shear P=c.p.+A/3

If hydrostatic: §=5.=5,=-P Maximum shear=A/2

(d) o.+o,+0,=5+8,+8,=1
0,0,+0,0,+0.0,— rf} - ryzz -7 =5S,+8,5,+85,8, =1,
00,0, +27,7.7, — o;ff,z —O'yri - O'ery =55,8, =1,
(O’X 7(7},)2 +(0'y 70'_,)2 +(0'Z 70’),)2 +6(TX2), +'[’f: +sz) =(8,=S,)" +(S,=8,)* +(S, - S,)’
=21} -6,

= 2x(effective deviatoric stress)’ = 2A’

Figure 7. Schematic showing infinitesimal stress elements, common experimental conditions, and governing equations (after Timoshenko and Goodier, 1970).
(a) Stress elements under a generic stress, showing the orientation of all normal and shear stresses. (b) Orientation corresponding to a diagonallized stress ma-
trix. In this orientation, the shear stresses disappear, and the normal stresses are the principal stresses (S1, S2, and S3). Equations below the tilted element provide
the maximum shears and the special conditions of a hydrostatic environment. (c) Laboratory conditions of confining and differential stresses. The addition of an
additional differential stress increases the hydrostatic stress, and induces shear stresses in the sample. (d) Equations for the three primary stress invariants (;, I,
I3) and one additional deviatoric invariant which remain constant despite rotation of the stress element. The final invariant (A) is directly involved in the von

Mises yield criterion, and is referred to as the effective deviatoric stress (50).
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Figure 8. Comparison of the elastic limit for differential stress from experiments to mantle conditions. (a) Confining pressure. (b) Hydrostatic pressure. For
both panels, room temperature data are listed in the left inset: dunite, gabbro and eclogite from Shimada et al. (1983). Basalt from Heap et al. (2011). Diabase
and granite from Wawersik and Brace (1970). Marble from Paterson (1958; see Heep, 2009). MgO from Paterson and Weaver (1970). High temperature data
listed in the right inset: MgO with no confining pressure from Dominguez-Rodriguez et al., 2007), at moderate pressure from Paterson and Weaver (1970) and
at 5 700 MPa from Weidner and Li (2015). Clinopyroxene synthetics from Moghadam et al. (2010). Synthetic mantle rocks from Jin et al. (2001). Rotational
flattening from Eq. (19). Stress from circulation is obtained from Eq. (8) plate velocities. Even if velocities are x50 larger, the drag force is still within the elas-

tic regime (grey field for high-temperature behavior), as defined by trends in the data.
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K= 22/’[ = umicrol = umacroh (15)

where U, is the speed of the cooling front. Because « is a
material property, and therefore is independent of size, the
product of speed times distance during the flow of heat is in-
variant (Hofmeister, 2010).

Substituting the mass self-diffusion coefficient (D,,) for x
and concentration for 7 in Eq. (14) generates Fick’s equation
for mass diffusion: oc, /ot = D, V¢, where ¢ is a concentra-
tion and i designates a species. Consequently, a formula for
mass diffusion that is analogous to Eq. (15) exists.

High « (or D) indicate rapid flow of heat (or mass),
whereas high v indicates slow flow of matter. This contrast
exists because momentum is not governed by an equation
analogous to Eq. (14), but instead is governed by Eq. (8). That
other, more complicated formula for non-Newtonian fluids may
pertain is immaterial: viscosity in condensed matter describes
the resistance of a material to imposed stress. Obviously, kine-
matic viscosity cannot describe the diffusion of momentum in
general. This incorrect analogy has been made in many works,
due to behavior that is unique to the gaseous state of matter, as
follows.

Gas behavior has been the focus of thermodynamics (e.g,
Fegley, 2015) and of heat transfer models (reviewed by Hof-
meister and Branlund, 2016). Importantly, gas is the only state
of matter wherein heat and mass are diffused by the same car-
rier (the molecules, Fig. 3a). Due to molecular motions being
the sole means of transport in gas, their transport properties are
equal in the kinetic theory of gas, developed by Clausius and
Maxwell in the mid-1800s (e.g., Reif, 1965). Experiments on
gas, even if nearly ideal (e.g., He in Table 3) show instead that

K= Dy ~3V/2 (16)

Thus, diffusion of momentum does not precisely describe
gases. Because kinetic theory assumes elastic interactions,
deformation of the gas molecules during collisions is not ac-
counted for.

Physical properties of pourable liquids occupy a restricted
range of values about this gas line, whereas solids greatly di-
verge (Fig. 9). This situation arises because for liquids, most
heat is carried by molecules, although some heat is transported
by their internal vibrations (Fig. 3b). Thus, liquids can be ap-
proximated by gas behavior. In great contrast, for ionic solids,
heat is entirely associated with interatomic vibrations (Fig. 4)
whereas creep at low stress occurs via atomic diffusion (e.g.,
Meyers and Chawla, 2009). Consequently, x, v and Dy, of sol-
ids differ enormously (Table 3, Fig. 9). The diverse substances
presented in Table 3 include mantle candidate materials, and
substances for which stability limits have been probed, and
illustrate the wide range of possible behaviors for gas, liquid,
and solids. Diffusion of heat by vibrations far outpaces atomic
diffusion in solids because the former does not require breaking
and reforming the strong, interatomic bonds.

The Lewis number describes the competition of the two
diffusive processes

Le = nig = x/Dy, (17)

When Le is large, the thermal advantage of a hot particle in a
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creeping solid is removed faster than that particle can possibly
rise.

3.5 Stability Criteria from Combining Force Balance and
Diffusive Mitigation

Vigor of flow in solids above their yield stress depends on
the force balance of Eq. (10). Because heat and mass flow are
decoupled in solids, each force is mitigated by the relevant
diffusion coefficient. Instability exists when

Fouganey D, Ra

—>1; ie., 9>1; or —>1 (18)
Fie K Le Sc

where the Schmidt number is Sc=v/D,,, and the Ra is that
modified to include yield strength effects. Although derived by
considering the behavior of solids, Eq. (18) leads to Ragjcal
~1 000 for simple liquids, which have Sc near 1 000 (Table 3).
Furthermore, using Eq. (16) which describes gas provides criti-
cal Gr and Ra of unity. This deduction is supported by experi-
ments: a gas convects when the adiabatic gradient is exceeded.

For a solid close to the yield point, the ratio of buoyant to
resistive forces is near unity, i.e., Gr ~1. Thus, the flow crite-
rion simplifies to Le<1, which is not observed in solids (Fig. 9).
Although creep can occur in solids, the much faster process of
thermal diffusion overwhelms such behavior.

3.6 Temperature Gradients and Stability

For the atmosphere, stability exists as long as the tempera-
ture gradient is subadiabatic. As with simple gasses, the ther-
modynamically controlled isentropic gradient can be substi-
tuted for the adiabat (Sec. 1.2). This substitution is possible
because mass and heat in gases move by the same mechanism,
leading to a simple equation of state. Critically, solids do not
behave like gases, because heat and mass move independently.
These dissimilarities are even more significant for planets,
because the temperature gradient inside a planet is not adiabatic,
due to internal heat sources (Sec. 0).

For solids, an alternative exists to convective instability,
namely, when a solid becomes too hot, it melts. In the labora-
tory, a solid will stably conduct heat as long as the imposed
temperature gradient does not exceed the melting temperature
in any region. If the gradient causes melting, this phase is more
buoyant and far less viscous than the solid. The Ra formulation
does not describe variable properties, let alone a two phase
system. Thus, large Ra for a solid implicitly assumes that melt-
ing is not involved.

3.7 Revised Stability Relations Combined and Evaluated

This section summarizes and combines the findings in the
previous sections and subsections. We discuss our results in view
of the available data on large bodies and relevant materials.

From Section 2, a geometrical modification is needed to ap-
ply the dimensionless Ra, Gr, and Nu numbers to planets: this
stems from mass conservation (continuity). For self-gravitating
bodies, which are generally nearly spherical, the classical Ra
number must be multiplied by 75> and the classical Nu must be
multiplied by 7, as defined in Eq. (6). This n-group introduces
a surface radius term to the dimensionless Ra. As such, this
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Table 3 Diffusivity and viscosity data

Substance T(°C) & (mm*s™) Dp (mm?-s™) v(mm?*s™) Ragi Refs.
H, 25 160 160 128 a,b,c
Helium 25 190 139 110 a,b,c
Air or N, 25 16 155 15.7 a,b,c
Argon 25 18 15 12 d
Xenon 25 54 4.8 3.6 d
Water 25 0.14 0.002 1.0 1760 a,b,e
Ethanol RT 0.081 0.000 84 1.52 b, f, g
Benzene RT 0.095 0.002 2 0.7 a, f
Honey 25 0.093 74 b, h
Soy oil 38 0.075 35 ij
Olive oil 25 0.071 6.5x107 80 ik, 1
Sunflower oil 38 0.056 4.1x107 66 ik, 1
Palm oil RT 0.12 1.1x10° 100 j,k, m
Engine oil SAE 40 100 0.073 8 12 a,b
Tar 100 0.50 560 b, n
Glycerol 100 0.10 5x10°¢ 1100 1580 e,0
Ethylenegylcol RT 0.093 8 17.8 b, g
Vinegar 20 0.076 0.001 2 1.14 f,p
Lyle’s golden syrup 20 0.122 22 000 1690 q
Silicone oil RT 0.101 21 1750 r
Silicone oil RT 0.098 50 1741 r
Silicone oil RT 0.11 1.16x10° 100 1630 IS
Silicone oil RT 0.12 3.49x10° 200 1675 s
Mercury liquid RT 4.0 0.001 6 0.11 1680 b, t
Gallium liquid 20 10 0.001 8 0.32 2320 u
Zng4Nise melt 1556 10 0.000 78 3.63 - v
ZnesNize melt 1923 11.0 0.002 3 1.16 - v
Zng4Niss alloy 1377 12.0 0.000 23 145 - v
Silica melt 2100 0.45 4x10° - w
Silica glass 1300 0.70 2x107°(0,) 7x10" - W, X
Rhyolite melt 1 400 0.52 5%x107 (0) 1.3x107 - X,y
Rhyolite glass 1000 0.55 10" 2x10" - X,y
Basalt melt 1200 0.29 5%107° 200 000 - X,z
Basalt glass 700 0.45 8x10” 1x10" - X,z
Olivine/mantle 1000 1.0 10" 10*-10% - aa

Notes: RT=room temperature. a. For x, common substances and references are listed at https://en.wikipedia.org/wiki/Thermal_diffusivity; b. for v of many
substances, see http://www.engineeringtoolbox.com/kinematic-viscosity-d_397.html; c¢. for D, of gas, see Cussler (2008) or
http://www.thermopedia.com/content/696/; d. see Kestin et al. (1984) and https://en.wikipedia.org/wiki/Noble_gas; e. He et al. (2006); f. for D,, of many
liquids, see Ertl and Dullien (1973) and also Cussler (2008); g. Huang and Liu (2009); h. Nguyen et al. (2012); i. Yafnez-Limon et al. (2005); j. Coupland
and McClements (1997); k. Xu et al. (2014); 1. Diamante and Lan (2014); m. de Freitas Cabral et al. (2011); n. Luca and Mrawira (2005); o. Stengel et al.
(1982); p. Bleazard et al. (1996); q. White (1988); r. Koschmieder and Pallas (1974); s. Thern and Liidemann (1996); t. Schriempf (1972); Meyer (1961); u.
Schriempf (1973); Blagoveshchenskii et al. (2015); Aurnou and Olson (2001); v. Brillo et al. (2011); x estimated from Ni data by Nishi et al. (2003); w.
Hofmeister and Whittington (2012); Doremus (2002); Kajihara et al. (2005); x. Zhang et al. (2010); y. Romine et al. (2012); Romine and Whittington
(2015); z. Nabelek et al. (2012); Sehlke et al. (2014); Hofmeister et al. (2016); aa. Davies (2011) lists x and x considered typical of the mantle from various
sources; for Dy, see Chakraborty (2010).
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Figure 9. Regimes of transport properties, focusing on common substances and Earth materials. Data from Table 3. x (Squares), Dy, (diamonds), v (circles).

Some substances are labeled. Heavy solid line. gas trend with D,=x=V; grey area. liquids, where the boundaries with solids were estimated from whether a fluid

pores, even if slowly. (a) Diffusion properties against viscosity. Dashed line=vibrational heat transport in solids. Transport of heat dominated by unimpeded

molecular motions gives x higher by a factor of >30. If molecular motions are impeded, yet the substance is not dense enough for vibrations to easily propagate,

«is low, ~0.1 mm*s™, as occurs across loosely bound layers in mica. Dotted line with fit=trend for mass diffusion for liquids and solids, combined. From the

Einstein-Stokes model of liquids: Dy,=constant 7/v, which differs greatly from gas where Dy,=v. But, Dy=constant/v for dense liquids, glassy alloys (Brillo et

al.,, 2011) and polyethelenes with low molecular weight (Pearson et al., 1987). (b) Viscosity and mass diffusion against thermal diffusion. Broken lines=

approximate limits for pourable liquids. Liquids have properties straddling the gas line, whereas solids diverge greatly. The different behaviors result from

disparate responses to applied stress and different mechanisms dominating diffusion for solids than in liquids or gases.
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geometrical modification to the Ra is independent or all other
considerations.

Evidence for the crucial role of surface radius is provided
by main sequence stars, which are all primarily composed of
hydrogen and therefore governed by the same equation of state.
All other characteristics of stars (color, temperature, luminosity,
and mass) are simply related to the surface radius via power
laws (Zombeck, 2007). Note that these power laws are gener-
ally cast as being luminosity dependent, which is the most eas-
ily determined physical property. The actual independent vari-
able is mass, which determines everything else, including lu-
minosity. Furthermore, similar thermal behavior of all main
sequence stars indicates that the movement of heat and mass
inside these stars is similar.

Geometric modifications to Ra are required to describe
conditions inside planetary bodies, but other factors pertain.
Section 3 demonstrates that the classical Ra is an insufficient
criterion for instability of solids in an imposed temperature
gradient. The classical Rayleigh number applies only to condi-
tions where fluid-like behavior exists. Because Ra incompletely
describes solids, two additional criteria for convective instabil-
ity must both be met in solids. These criteria are given in Egs.
(12) and (18). Equation (12) describes resistance of solids to
deformation, which is one of the two key attributes of a solid.
Equation (18) addresses the fact that flow of heat in solids oc-
curs by a different mechanism than the flow of mass, which is
the second key attribute of a solid. These findings have impor-
tant implications for stability. We next discuss whether evi-
dence exists to supports these corrections.

The different mechanisms which transport mass and heat
in solids leads to two adaptations of the Ra. One is revision of
the original stability requirement from a single value (~1 700)
to a ratio of dimensionless numbers (Eq. 18). The second is
requirement of a minimum stress (Eq. 12).

Gases, including the tall atmosphere, convect when the is-
entrope (reversible adiabat) is exceeded, which mean the criti-
cal Ra of gas=1. This finding agrees with Eq. (18). Yet, the
data on liquids in Table 3 do not confirm Eq. (18). Importantly,
to avoid temperature dependence of the physical properties
from affecting the onset of instability, these experiments in-
volve 4 of about 1 mm. Restriction to small 4 has two implica-
tions. (1) These experiments evaluate instability of a thin layer,
not of a large body. (2) By designing the experiments in this
manner, the researchers have acknowledged that Ra does not
predict behavior when the material properties strongly depend
on temperature. A few experiments (e.g., White, 1988) use
taller boxes (~6 cm) to evaluate the effect of viscosity depend-
ing on temperature. Viscosity strongly decreases with tempera-
ture, which increases the critical Ra for pourable syrup (White,
1988). In addition, the complexity of the convection patterns
increases.

The experiments on the critical Ra confirm Eq. (18) for
one case, that of the yield strength being zero (Eq. 12). Both
gas and liquids flow under any stress, and both of these states
of matter demonstrably convect in an imposed temperature
gradient, upon meeting other conditions. Convection of materi-
als with substantial yield strengths has not been studied. Syrup
is the most viscous material studied in convection experiments:

White (1988) found that time is important in these measure-
ments of a nearly Newtonian liquid. Existence of time depend-
ent behavior for a material with simple, nearly Newtonian
properties implies that the classical, time-independent Ra in-
completely describes convection in any viscous liquid.

4 APPLICATION TO EARTH’S LOWER MANTLE

The Ra formulation is not applied to the UM+TZ to justify
convection of this region (Sec. 0). The following concerns
behavior of the whole and/or lower mantle inferred from di-
mensionless numbers.

4.1 Geometry

Equation (6) for m¢ provides a value of about '2 for the
lower mantle, which reduces Ra and Gr each by a factor of ~10.
This reduction is small, and unimportant relative to the other
factors discussed below. However, the omission of the plane-
tary radius from Ra means that the equations used in geody-
namic models must include an additional constraint, which has
not previously been explored. The mathematical modifications
needed to prevent strong violations of mass conservation (con-
tinuity) in radially symmetric geodynamic models are beyond
the scope of the current report.

4.2 Mantle Gr

Mantle properties (e.g., Davies, 2011; Table 3) provide
Gr<10"", which grossly differs from Gr>1 in convecting fluids
(Tritton, 1977). The small value for the mantle shows that
buoyancy forces are inconsequential. Because buoyancy forces
cannot induce instability, these forces cannot drive convection.
As such, whole mantle circulation is highly unlikely. This con-
clusion contrasts with previous inferences that are based solely
on the large size of Ra. Inferring convective instability for the
mantle from Ra involves many canceling factors within dimen-
sionless numbers and immense extrapolations (Table 4), and is
not a reliable predictor of instability for large, planetary bodies.

4.3 Stress in the Lower Mantle

Various lines of reasoning indicate that the conditions in
the lower mantle are consistent with the elastic regime.

(1) As stated by Hirth (2002) and others, nearly hydrostatic
conditions prevail below ~10 km. Of course this finding does not
hold within or adjacent to the subducting slabs, but these features
are a small part of the whole mantle. Regarding the lower mantle,
absence of earthquakes below ~670 km indicates that hydrostatic
conditions prevail everywhere in the lower mantle.

(2) Yield strength increasing with pressure in the Drucker-
Prager and Mohr-Coulomb yield criteria (Boresi and Schmidt,
2003) is supported by experiments (Fig. 8; Kavner and Duffy,
2001). Hence, in the lower mantle, large shearing forces are
needed to move this region out of the elastic regime. Even if
the slabs penetrate below 670 km, the lack of deeper earth-
quakes shows that this manner of indentation is insufficient to
create significant amounts of stress.

(3) We estimate average effective deviatoric stress (Fig. 7)
across the whole mantle relative to AP in two independent ap-
proaches. First, strain is induced by rotational flattening of the
globe. We estimate this effect dimensionally
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Earth’s equatorial radius is 23 km greater than its polar ra-
dius. Over the whole mantle, 66<0.2% of the pressure. This
calculation provides an upper limit for the mantle because the
highest deviatoric stresses actually occur inside the rigid litho-
sphere, and are not relevant to the elastic lower mantle. Alter-
natively, we can estimate drag from Eq. (8) using plate veloci-
ties, and then convert this shear to an effective stress (Fig. 7).
This procedure gives a lower value (Fig. 8). Deviatoric stress in
the lower mantle is therefore quite low.

(4) Frenkels’ equation (e.g., Meyers and Chawla, 2009)
relates the theoretical shear strength of a material to the shear
modulus. Hence, the yield strength of a real material should be
related to its shear modulus. In the mantle, G is large and in-
creases with depth, suggesting great resistance of this medium

Table 4 Comparison of conditions in laboratory experiments used to ascer-

tain critical Ra for fluids to conditions in Earth’s lower mantle

Parameter Laboratory Mantle Extrapolation
Gr >1 <10 <107
Ra 1-10'2# ~10° *

Nu 1-300% 1-2 x102-1
Le 100-3x10* ~10% x10%-10%
Sc 500-5x10* ~10% x10°°-10%
Pr ~1-10%¢ ~10% x10"-10%
v 1-10°mm*™"  ~10mm%*"  x10'-10%
Strain rate§ ~107 s ~10Ms! ~x107

P 10 GPa >24 GPa ~x10*

G 0 >160 GPa Xo0
Effective deviatoric ~ ~10" GPaf <1%P ~x10’

n (0.1-60 cm)® (2 980 km)® x102-10%
Grain size Not applicable ~mm-km Indeterminate

Notes: Sources of parameters are listed in the figures, text, and Table 3. Not
all parameters enter into the dimensionless numbers. Length-scale is cubed
as used in Ra and Gr. Extrapolation refers to the order of magnitude differ-
ence between mantle and laboratory conditions. * High critical Ra experi-
ments involve low viscosity fluids (e.g., water with Pr ~7, gases with Pr ~1
and mercury with Pr<l1: Table 3), and use tall cylinders whereby Racritical
depends strongly on both aspect ratio and Pr* (see Glazier et al., 1999;
Siggia, 1994). 1 If substantial radiative transport exists, this fast process
(Kad ~105><lqm: Hofmeister, 2010) greatly increases Le, making heat transfer
effectively instantaneous, and Ra irrelevant to the mantle. § High Ra ex-
periments involving high Pr are electrochemical with limited exploration of
oils, which from Table 3 do not have high viscoscity (see review by Siggia,
1994). Experiments on material with fairly high v (e.g., syrup by White,
1988) probed much lower Ra, <10°. § These strain rates are used during
deformation in solids. To determine viscosity in glasses and silicate melts,
much faster rates (~1 s are used (Fig. 8; Sehlke et al., 2014), making this
extrapolation considerably larger. This property is included because con-
cerns have been previously voiced. § The low stress pertains to fluid ex-
periments, wherein Rag; was measured. A high value of ~3 GPa has been

explored in deformation of solids, which does not involve convection.
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to shear and stress.

(5) Seismic wave attenuation does not mandate viscoelastic
behavior of the lower mantle because elastic materials always
attenuate vibrations (Zener, 1938). Attenuation models include
further ambiguities due to layering. Of particular concern is that
melt is associated with strong damping. The low velocity zone,
which spans depths of ~100 to ~280 km, is a ductile region that
has been associated with partial melting (Anderson, 1989). Be-
cause this region lies close to the surface, it is traversed by virtu-
ally all the seismic waves. Therefore, the low velocity zone could
disproportionately attenuate seismic waves.

5 DISCUSSION AND CONCLUSIONS

Applying the Ra criterion for fluids to Earth’s whole man-
tle, which is solid, involves enormous extrapolations (Table 4).
Tradeoffs in multiplied parameters make this application a
“sloppy model” (Transtrum et al., 2015).

Critically, solids experience significant, additional forces
during lattice deformation. To address this fundamental differ-
ence, we provide additional criteria for solids. If Eq. (12) is met
inside planets, Gr is reduced by ns’. However, for the mantle,
Le>10° (Table 4), and so Eq. (12) is not met. In addition, the
forces are roughly in balance under elastic or creep conditions,
so Eq. (18) is not met. Convection of the lower or whole man-
tle requires buoyancy forces to exceed drag forces by x10°—
10", in order for creep to outpace the mitigating effect of ther-
mal diffusion. Extremely high buoyancy forces would be asso-
ciated with deviatoric stresses exceeding our estimate by sev-
eral orders of magnitude. Such immense deviatoric stresses
further implying catastrophic failure. Instead, the lower mantle
is characterized by hydrostatic conditions and the absence of
earthquakes.

Simplistic analogies between creep and viscous flow have
obfuscated fundamental, physical differences. Unlike solids,
liquids are capable of flowing under any shear stress and ex-
periencing unlimited deformation. Equations for creep in solids
only apply to a limited regime of solid behavior, and do not
indicate that the solid mantle is capable of repeated circulation
implied by current convection models. Hiraga et al. (2010)
pointed out this problem, based on his deformation studies. We
emphasize that deformation of rocks requires not only high
stress, but strain rates in the laboratory far exceed rates sur-
mised from plate velocities or glacial rebound. It is well-known
that different mechanisms exist at different conditions, and that
laboratory experiments differ in important ways from those of
the Earth. It cannot be proven that the experiments are relevant
to the Earth.

The Ra formulation describes a situation where average
physical properties and a linear temperature gradient are rea-
sonable approximations. Solids melt upon reaching high tem-
peratures, and moreover the properties of liquids and solids of
the same chemical composition vary greatly. Thus, even if the
Ra were valid for solids, its use further assumes that melt pro-
duction is insignificant. Yet, lubricating melt exists almost
globally beneath the plates. Because buoyant melts carry latent
and thermally stored heat upwards, melt production and ascent
is the important process in mantle evolution, rather than whole
mantle convection (see Criss and Hofmeister, 2016; Hofmeister
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and Criss, 2013).

Our findings of a stable lower mantle are based on funda-
mental equations from thermodynamics, fluid dynamics, and
continuum mechanics, which are coupled with key observa-
tions from mineral physics and seismology. Our results are
compatible with conductive cooling models of the lower mantle
(Criss and Hofmeister, 2016), and do not require perpetual
superplasticity to describe lower mantle behavior.

Plate tectonics describes slow (~2 cm-y™") motions of the
upper ~100 km of rigid lithosphere. Motions below the plates
cannot be discerned, and need not even exist because the un-
derlying partial melt is essentially global and would provide
lubrication for the plates to slide on. The low velocity zone
immediately below the plates could be under high shear strain,
because of the presence of partial melt intermixed with plastic
regions. For these reasons, mantle circulation is not required to
describe the behavior of the Earth, and the classical Ra number
is irrelevant to planetary bodies. A mechanism specifically
describing how plate tectonics operates is beyond the scope of
the present report.
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